In this work we study single, double, and triple heavy-flavor baryons using the hypercentral approach in the framework of the non-relativistic quark model. Considering two different confining potentials and an improved form of the hyperfine interaction, we calculate the ground-state masses of heavy baryons and also the ground-state magnetic moments of single charm and beauty baryons with J P = 3/2 + . The obtained results are in good agreement with experimental data and those of other works.
Introduction
The properties of heavy-flavor baryons have recently received much attention, both experimentally and theoretically [1, 4, 2, 3] . The investigation of the properties of such hadrons is not only important to understand the dynamics of quantum chromodynamics (QCD) at hadronic energy scales, but also interesting in view of the recent progress in studying heavy-flavor hadrons by different experimental groups like BaBar, BELLE, BESIII, CLEO, and SELEX. Different methods based on the constituent quark model (CQM) have been used to investigate heavy-flavor baryons. Ebert et al. studied heavy baryons in the quark-diquark model in the relativistic limit [5] . Reference [4] investigated heavy-flavor baryons by using the Bethe-Salpeter equation in the heavy-quark limit and calculated the Isgur-Wise function. Albertus et al. evaluated different properties of single heavy-flavor baryons using heavyquark symmetry in the non-relativistic quark model [6] . Flynn et al. studied charmed baryons and spin-splittings in quenched lattice QCD [7] . Faessler et al. considered ground-state magnetic moments of heavy baryons in the relativistic quark model using heavy-hadron chiral perturbation theory [8] . Patel et al. used the non-relativistic quark model with a hypercentral Coulomb plus linear potential and obtained masses and magnetic moments of heavy-flavor baryons [9, 10] . In the present work we calculate the ground-state masses and magnetic moments of heavy baryons in the hypercentral approach [11, 12, 13, 14, 15, 16, 17, 18, 19] . We study the three-body problem, particularly the baryons containing one, two, and three charm (beauty) quarks. The potential is assumed to be a combination of a long-range confinement part and a short-range potential which is a Coulombic one, depending on the color charge. The solution of a three-body problem in three spatial dimensions is rather difficult. Here, we employ the hypercentral approach where the Schrödinger equation of the three-body system depends only on a single variable. We solve this one-dimensional Schrödinger equation numerically. We also introduce a non-confining interquark potential, namely a spin-isospin dependent part, as hyperfine interaction. We study the baryonic systems using two types of potentials. First, we introduce the Cornell potential, bx − c/x, as confining potential between quarks and obtain the masses of heavy baryons. Second, we add a harmonic oscillator term to the confining potential and then compare the obtained baryon masses to the results without this term, and also to those of other works. The obtained masses and magnetic moments are close to experimental data and other theoretical predictions. This paper is organized as follows. In Sec. 2 we introduce the interquark potential. In Sec. 3 we simplify the three-body problem using the hypercentral approach. We present our method to obtain masses and magnetic moments of baryons in Sec. 4 . Numerical results are shown and compared to those of other works in Sec. 5. Finally, a summary is given in Sec. 6.
Interaction Potential
In principle, the potential between quarks could be of any confining form (e.g. linear, logarithmic, power law, etc.). The interquark potential usually contains a linear part which describes confinement in QCD and is supplemented by a Coulomb term which may be attributed to one-gluon exchange. The Coulomb term alone is not sufficient because it would allow ionization of quarks from the system. As a first case (in the following termed "case I"), we consider the Cornell potential [20, 21] :
where x is the relative coordinate of the quark pair, and b, c are constants. In many practical applications a harmonic oscillator (h.o.) potential yields spectra not much different from those for Eq. (1) [20] . Therefore, as a second case (termed "case II") we also consider a potential which is a combination of Eq.
(1) and the h.o. potential which has the form ax 2 :
where a is another constant. In addition, we introduce a spin-and isospin-dependent potential as hyperfine interaction for the baryons. This combination of potentials yields spectra which are very close to the experimental results and other theoretical predictions.
The non-confining spin-spin interaction potential is proportional to a δ-function which is an illegal operator term [22] . We modify it to a Gaussian function of the relative distance of the quark pair,
where s i is the spin operator of the i th quark ( s i = σ i /2, with σ i being the vector of Pauli matrices) and A S and σ S are constants. Other spin-, as well as isospin-dependent interaction potentials can arise from quark-exchange interactions. We conclude that two additional terms should be added to the Hamiltonian for quark pairs which result in hyperfine interactions similar to Eq. (3). The first one depends on isospin only and has the form [22, 23] :
where t i is the isospin operator of the i th quarks, and A I and σ I are constants. The second one is a spin-isospin interaction given by [22, 23] :
where s i and t i are the spin and isospin operators of the i th quark, respectively, and A SI and σ SI are constants. Then, from Eqs. (3-5) the hyperfine interaction (a non-confining potential) is given by
The parameters of the hyperfine interaction (6) are given in Table 1 . 
The Hypercentral Approach
In the quark model, a baryon is a three-body bound state made of quarks. The mathematical description of a three-body system is more complicated than that of a two-body system. Several methods have been used by different authors to solve three-body problems [17, 18, 19, 22, 23, 24, 25, 26] . In order to describe the baryon as a bound state of three constituent quarks, we define the configuration of three particles by two Jacobi coordinates ρ and λ as
such that
Here m 1 , m 2 , and m 3 are the constituent quark masses. Instead of ρ and λ , one can introduce hyperspherical coordinates which are given by the angles Ω ρ = (θ ρ , φ ρ ) and Ω λ = (θ λ , ϕ λ ), respectively, together with the hyperradius x and the hyperangle ζ , defined by
Therefore, the Hamiltonian will be
In the hypercentral constituent quark model (hCQM), the quark potential, V , is assumed to depend only on the hyperradius x. Therefore, in the three-quark wave function one can factor out the hyperangular part which is given by hyperspherical harmonics. The remaining hyperradial part of the wave function is determined by the hypercentral Schrödinger equation
where ψ γ (x) , E γ , and γ are the hyperradial part of the wave function, the energy eigenvalues, and the grand angular quantum number, respectively. The latter is given by γ = 2ν + l ρ + l λ where l ρ and l λ are the angular momenta associated with the ρ and λ variables and ν is a non-negative integer number. The quantity m in Eqs. (10, 11) is the reduced mass,
We use the transformation
to bring Eq. (11) into the form
Substituting the potentials (1) and (2) into Eq. (11) we obtain the following equations:
(I) In case I we only consider the Cornell potential (1) as confining interaction. Using the hyperradial approximation used in Ref. [11] , the Schrödinger equation for the baryons is given as
where µ = m. As in Ref. [11] , in the following we shall consider µ as a free parameter which is fitted to the baryon spectrum.
(II) In case II, we add the h.o. term to the confining interaction. Then, using the potential (2) and substituting it into Eq. (14) we obtain the following equation:
where
Heavy Baryon Masses and Magnetic Moments
We take the non-confining potential H int , Eq. (6), as a perturbation of the energy eigenvalues obtained by solving Eqs. (15, 16) . To first order in perturbation theory, the correction can be computed using the unperturbed wave function for the ground state,
Note that in Eqs. (3-5) the spin-isospin dependent interaction potentials of a two-quark system are actually functions of the relative distance between the quarks. In the hypercentral approach, however, we take the same form for these potentials, but replace the relative distance by the hyperradius x which is the average relative distance between the three quarks. We believe that this is a reasonable approximation, at least for quarks with the same mass. The spin-spin term s 1 · s 2 in Eq. (3) is replaced by the average of i<j s i · s j , and similarly for Eqs. (4, 5) . The mass of the baryon is then obtained as the sum of the masses of the constituent quarks, the ground-state energy eigenvalue E 0 , and H int ,
where E 0 + H int depends on the type of confining interaction used. The effective quark mass is defined as
such that the mass of the baryon is
The physical interpretation of the effective quark mass (20) is that, within a baryon, the mass of a quark may get modified due to its interactions with the other quarks. In the quark model, the magnetic moment of the baryon is obtained as [9, 24] 
where |φ sf represents the spin-flavor wave function of the respective baryonic state and
Here, g = 2 is the spin g−factor, e i is the electric charge, and s i the spin of the i th quark.
Discussion
In Refs. [23, 25] heavy-flavor baryons were studied in the hypercentral approach with the confining interaction (2) and the hyperfine interactions (3-5). The Schrödinger equation was solved analytically to obtain masses of heavy-flavor baryons. In Ref. [11] heavy-flavor baryons were also studied in the hypercentral approach, but with the confining interaction (1) and the hyperfine interactions (3-5). The Schrödinger equation was solved using a variational method to obtain masses of single, double, and triple heavy-flavor baryons. Patel et al. used the non-relativistic quark model with hypercentral Coulomb plus linear potential [9, 24] and Coulomb plus harmonic oscillator potential [26] and obtained heavy-flavor baryon masses. Table 2 . The confining potential parameters used in case I and II [11, 25] . parameter value caseI b 1.61 f m In the present work we use the same potentials and the hypercentral approach, but we solve the Schrödinger equation numerically. We study baryonic systems using the confining interactions (1) and (2), respectively. The quark masses and potential parameters used in both case I and II are obtained from our corresponding works [11] and [25] , respectively, and are listed in Table 1 . The confining potential parameters for the two cases are listed in Table 2 . In case I, the parameter µ of Eq. (15) is obtained by fitting the experimental mass of the ++ c baryon (resulting in µ = 0.844 fm −1 ). Using µ as a fit parameter instead of identifying it with the reduced mass m allows to make an accurate comparison between the results of our present work and previous results [11] . In Tables 3-8 the results for the masses and magnetic moments are presented and compared with other works [24, 25, 26, 27, 28, 29, 30, 29] and experimental data [31, 32, 33, 34, 35] . From Tables 3-8 [11] shows that the results obtained in case I are closer to experimental data. Note that the results of case II are very close to the ones obtained by Refs. [23, 25] . By comparing the results of cases I and II, we find that, apart from the Ω c and Ω b baryons, the results obtained in case II are overall closer to experimental data and other predictions than the ones obtained in case I and also in previous works. Also Tables 6-8 show that the predicted masses of double and triple heavy-flavor baryons in case II are closer to the results of other works.
Summary
In this paper we have studied masses and magnetic moments of heavy-flavor baryons containing one, two, and three heavy-flavor quarks in the ground-state (γ = 0) for the different confining potentials (1) and (2) . Using the hypercentral approach we have simplified the three-body problem and solved the Schrödinger equation numerically to obtain the ground-state energy eigenvalues and eigenfunctions of baryonic systems. Hyperfine spin-and isospin-dependent interactions result in small shifts of the baryon energy. Our results are similar to those of other works. The confining interaction including a harmonic-oscillator term seems to give results closer to experimental data, especially for double and triple heavy baryons. Our approach can also be used to study other three-body systems in the fields of nuclear, atomic, and molecular physics.
